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Abstract. We analyze the inherent symmetries associated to the non-Abelian
topological BF theory from the geometric and covariant perspectives of the Lagrangian
and the multisymplectic formalisms. At the Lagrangian level, we classify the
symmetries of the theory as natural and Noether symmetries and construct the
associated Noether currents, while at the multisymplectic level the symmetries of the
theory arise as covariant canonical transformations. These transformations allowed
us to build within the multisymplectic approach, in a complete covariant way, the
momentum maps which are analogous to the conserved Noether currents. The
covariant momentum maps are fundamental to recover, after the space plus time
decomposition of the background manifold, not only the extended Hamiltonian of
the BF theory but also the generators of the gauge transformations which arise in the
instantaneous Dirac-Hamiltonian analysis of the first-class constraint structure that
characterizes the BF model under study. To the best of our knowledge, this is the first
non-trivial physical model associated to General Relativity for which both natural
and Noether symmetries have been analyzed at the multisymplectic level. Our study
shed some light on the understanding of the manner in which the generators of gauge
transformations may be recovered from the multisymplectic formalism for field theory.
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1. Introduction
BF theories are a class of diffeomorphism invariant non-metric topological field theories
characterized by the absence of local degrees of freedom [1–3]. As it is well known,
these kind of field theories have a strong relationship with Einstein theory of General
Relativity since, following the work developed by Plebanski [4], it is possible to write
General Relativity as a constrained BF theory. This relation gives rise to the so-called
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BF gravity models [5, 6]. Recently, BF theories have been exhaustively explored in
the literature from different perspectives and approaches at both the classical and the
quantum levels [1–3,7–12], mainly due to the features that distinguish these topological
field theories which provide an extended framework to explore different aspects of gauge
theories. In this context, of particular interest to us is the case of the 4-dimensional
non-Abelian topological BF theory, which at the classical level has been studied from
different perspectives including the Lagrangian [1, 13], the pure Dirac-Hamiltonia [14],
the Hamilton-Jacobi [10], and the covariant canonical [11] formalisms.
From our own perspective, a particular relevant way to analyze BF theories is by
considering the instantaneous Dirac-Hamiltonian formulation as it reveals the inherent
gauge symmetry of the theory, as described in [13, 14]. This instantaneous Dirac-
Hamiltonian formulation for classical field theory initiates by introducing a foliation of
the space-time into space-like hypersurfaces, and by considering the dynamical variables
of the theory as functions on those hypersurfaces that are characterized as the space of
Cauchy data. In this manner, time evolution off the hypersurface is obtained through
Hamilton’s equations. However, as it is well known, this formulation conceals the
explicit covariant nature of a field theory. As a consequence, at the quantum level, by
imposing an appropriate canonical quantization, the instantaneous Dirac-Hamiltonian
formulation gives rise to non-covariant models of quantum field theory [15]. Bearing
this in mind, we consider the analysis of the the gauge symmetries for BF theories
within the multisymplectic formulation for field theories. The multisymplectic approach
provides a finite-dimensional and geometric covariant Hamiltonian-like formulation
for classical field theory [16–19], which is based on the De Donder–Weyl canonical
theory. The multisymplectic formalism starts by introducing the definition of the
multimomenta phase-space, that is, a finite-dimensional manifold locally constructed
by associating to each field variable of the theory a set of multimomenta variables that
correspond to a covariant extension of the standard Dirac-Hamiltonian momenta defined
by considering temporal derivatives of the fields [15]. This multimomenta phase-space
is endowed with a multisymplectic form which plays a very relevant role within this
covariant formulation, since it allows not only to obtain the classical field equations
but also to to describe the symmetries of the classical field theory. In particular,
within the multisymplectic approach the symmetries of a classical field theory are
understood as covariant canonical transformations, that is, transformations on the
multimomenta phase-space that leave invariant the multisymplectic form, thus allowing
us to extend, for the case of infinitesimal symmetries, the first Noether’s theorem to
the multisymplectic framework and, in consequence, we are able to obtain the so-called
covariant momentum maps, which are the analogous on the multimomenta phase-space
of the Noether currents on the ordinary instantaneous phase-space [16, 18, 20]. In
addition, under certain technical conditions we may choose a Cauchy surface in such
a manner that the covariant momentum maps of a given classical field theory project
to functions into the instantaneous phase-space (Cauchy data space) of the theory,
which coincide with the instantaneous Hamiltonian and the genuine momentum maps
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of the theory in the standard canonical Dirac-Hamiltoninan formulation [16, 21, 22]. In
particular, for the case of singular Lagrangian systems [23], the projected momentum
map associated to the gauge symmetry group of a classical field theory coincides
with the generator of the infinitesimal gauge transformations of the system in the
instantaneous Dirac-Hamiltonian analysis, at least for the physical models explored
in the literature [16, 18, 21]. Furthermore, by the second Noether’s theorem (see, for
instance, [24, 25]), for any solution of the field equations of the theory, the covariant
momentum map integrated over a Cauchy surface is zero, thus establishing that the
projected momentum map associated to the gauge symmetry group of the theory must
vanish on the set of admissible Cauchy data for the evolution equations. Consequently,
the zero level set of the projected momentum map of the gauge symmetry group theory
must coincide with the first class constraints of the system in the Dirac-Hamiltonian
approach, as described in [16, 21, 22]. In that sense, starting from the multisymplectic
framework, we have a natural way to recover within the instantaneous Dirac-Hamilton
approach the constrained and gauge structure of a given singular Lagrangian field theory.
Our main propose is thus to analyse the 4-dimensional non-Abelian topological BF
theory within the multisymplectic framework. This in order to describe the features
of this diffeomorphism invariant topological field theory within a finite-dimensional,
geometric and covariant framework. Our analysis starts by describing the non-Abelian
BF theory within a geometric Lagrangian approach, where the field variables of the
model are understood as sections of a vector fibre-bundle of differential forms on the
space-time manifold on which the field theory is defined. Within this Lagrangian
approach, we classify the symmetries of the theory in natural and Noether symmetries
and obtain the associated field equations of the system, which allow us to recover the
Noether currents of the theory as reported in the literature [13]. Then, we proceed to
construct the multimomenta phase-space and introduce the associated multisymplectic
form of the BF theory for which the symmetries of the model appear as covariant
canonical transformations. Besides, we also construct the covariant momentum maps
associated to the BF model. Finally, following the works developed in [16,18,21,22,26],
after performing the space plus time decomposition for the BF theory, we are able to
recover not only the extended Hamiltonian, but also the generator of the infinitesimal
gauge transformations as well as the first and second class constraints of the non-Abelian
topological BF theory, which explicitly correspond to the results obtained by means of
the Dirac’s algorithm in references [10, 14].
The rest of the paper is organized as follows: in Section 2 we briefly describe the
Lagrangian and the multisymplectic covariant formalisms for a generic classical field
theory, paying special attention to the study of symmetries associated to both covariant
approaches. We also introduce a brief description of the space plus time decomposition
for a classical field theory that will allow us to connect the multisymplectic and the
instantaneous Dirac-Hamiltonian formulations. In Section 3 we present a description of
the 4-dimensional non-Abelian topological BF field theory introducing both covariant
formulations, namely the Lagrangian and multisymplectic. For both approaches we
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discuss in detail the associated field equations, classify the symmetries and construct
the associated Noether currents and covariant momentum maps of the BF model of our
interest. In this section, we also perform the space plus time decomposition of the BF
theory at both, the Lagrangian and the multisymplectic levels, which will allow us to
recover the Dirac-Hamiltonian analysis of the non-Abelian topological BF field theory.
Finally, in Section 4 we introduce some concluding remarks.
2. Covariant formalisms for classical field theory
In this section we briefly describe the Lagrangian and the multisymplectic formalisms,
which are finite-dimensional and covariant approaches for classical field theory. In
particular, we will focus our attention on the study of the symmetries of a classical field
theory within these frameworks, which will allow us to construct the Noether currents,
in the Lagrangian case, and the covariant momentum maps, within the multisymplectic
approach, associated to the theory. Our main motivation to do this is to recover the
constraints and the extended Hamiltonian of the field theory taking as a starting point
the multisymplectic formulation. In consequence, we give a brief description of the
process to perform the space plus time decomposition for classical field theory at both
the Lagrangian and the multisymplectic levels. This will allow us to recover, on the space
of Cauchy data, the instantaneous Dirac-Hamiltonian analysis of the theory where, as
we will see below, the first class constraints of the system, within Dirac’s terminology,
will emerge by means of the vanishing of the projected covariant momentum maps of
the theory on the space of Cauchy data. In what follows, we will review the main ideas
of the multisymplectic formalism and the associated momentum maps as developed in
references [7, 15–18, 21, 26]. We would like to encourage the reader to examine those
references for further details and technicalities.
2.1. Covariant configuration space
Before proceeding with the geometric descriptions for classical field theory, we will
introduce a set of notations that we will use along this paper. To start, let us consider
E a finite-dimensional smooth manifold, such that, given an arbitrary point e ∈ E, we
denote by TeE and T
∗
eE the tangent and cotangent spaces of E, respectively. We also
introduce ΛqeE to be the vector space of differential q-forms at the point e ∈ E, while
the space of smooth vector fields on E will be denoted by X (E). We will consider these
basic structures for any of the manifolds to be considered below.
Now, let (Y, πXY , X) be a finite-dimensional fibre-bundle, where X stands for the
base space, which is an n-dimensional smooth manifold without boundary and local
coordinates denoted by {xµ}n−1µ=0, while πXY : Y → X is the standard projector map, and
Y is the so-called total space whose fibres are m-dimensional smooth manifolds locally
represented by {ya}ma=1. In what follows, we will refer to the fibre-bundle (Y, πXY , X)
just as πXY , details about the fibre-bundle formalism may be found in [7, 27]. For an
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arbitrary point x ∈ X , we introduce Yx to be the fibre π
−1
XY (x) of Y and denote by Y
the space of all sections of πXY , such that, given the fibre coordinates (x
µ, ya) at the
point y ∈ Y , a local section φ ∈ Y can be represented on Y by means of the composition
function y ◦ φ = (xµ, φa). Thus, given a classical field theory, the fibre-bundle πXY
will be the covariant configuration space of the theory where the physical fields will be
sections of this bundle [16].
In this formulation of classical field theory, the analogous to the tangent bundle of
classical mechanics is the first order jet bundle, πYJ1Y : J
1Y → Y , associated to πXY .
In order to define it, let us consider the points y ∈ Y and x = πXY (y) ∈ X , such that,
the fibre J1yY of πYJ1Y at y ∈ Y is defined by J
1
yY := {γ ∈ L (TxX, TyY ) | (πXY )∗ ◦ γ =
IdTxX}, that is, the set of all linear mappings γ : TxX → TyY , where (πXY )∗ : TY → TX
stands for the differential map associated to πXY . Since J
1
yY is an affine space modelled
on the vector space L (TxX, VyY ) with VyY denoting the vertical tangent bundle of Y
at y ∈ Y , the fibre-bundle πYJ1Y can be regard as an affine bundle locally represented
by γ := (xµ, ya, yaµ) [15, 27]. In particular, we have that, given a section φ ∈ Y at
x ∈ X , the map φ∗ : TxX → Tφ(x)Y is an element of J
1
φ(x)Y , which allows to identify
j1φ := φ∗, the 1-jet prolongation of φ, as a section of the fibre-bundle πXJ1Y : J
1Y → X
at x ∈ X , whose local representation on J1Y is explicitly given by the composition
γ ◦ j1φ =
(
xµ, φa, φaµ
)
. Here we have adopted the notation φaµ := ∂µφ
a. As we will see
bellow, the fibre-bundle formalism provides a natural framework to study classical field
theory, as discussed in [7, 15, 17, 18, 27].
2.2. Symmetries in the Lagrangian formulation
Now, we will introduce the basic objects to study classical field theory within the
Lagrangian formalism in the jet bundle approach. In particular, we will focus our
attention on describing symmetries of classical field theory in this geometric formulation,
which will be relevant to us in order to extend Noether’s theorems to the multisymplectic
framework, as we will see in subsection 2.4.
To begin, let (Y, πXY , X) be the covariant configuration space of a classical field
theory defined by the action principle
S[φ] :=
∫
X
(
j1φ
)∗
L (γ) , (1)
where L : J1Y → ΛnX stands for the Lagrangian density of the theory, which can be
locally given by L := L(γ) dnx, with L : J1Y → R denoting the Lagrangian function
of the system. In order to describe the dynamics of the generic field theory (1), we
will start by introducing the so-called Poincare´–Cartan n-form, Θ(L) ∈ ΛnJ1Y , that is
locally defined as
Θ(L) :=
∂L
∂yaµ
dya ∧ dn−1xµ +
(
L−
∂L
∂yaµ
yaµ
)
dnx . (2)
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In a similar manner, we will introduce the (n + 1)-form Ω(L) := −dΘ(L) ∈ Λn+1J1Y
which explicitly reads
Ω(L) = dya ∧ d
(
∂L
∂yaµ
)
∧ dn−1xµ − d
(
L−
∂L
∂yaµ
yaµ
)
∧ dnx . (3)
This (n + 1)-form is necessary in order to obtain the correct field equations at the
Lagrangian level. Indeed, considering a local section φ ∈ Y as a critical point of the
action principle (1) and V ∈ X(J1Y ) an arbitrary projectable vector field on J1Y , that
is, a vector field that projects by means of the differential map πYJ1Y ∗ into a well defined
vector field on Y , it is possible to write the following condition
(
j1φ
)∗ (
V yΩ(L)
)
= 0 , (4)
which may be shown to be completely equivalent to the Euler–Lagrange field equations
of the theory [7, 16, 18, 22], namely
∂L
∂ya
◦
(
j1φ
)
−
∂
∂xµ
(
∂L
∂yaµ
◦
(
j1φ
))
= 0 . (5)
As previously mentioned, we want to study symmetries of classical field theory
within this covariant geometric framework, and in particular, the action of a Lie group
on the covariant configuration bundle of the theory. To this end, let us consider a Lie
group G whose Lie algebra is denoted by g, which acts on X and Y by diffeomorphisms
and πXY -bundle automorphisms, respectively (see [7] for further details on fibre-bundle
maps). Now, let η ∈ G, we denote by ηX and ηY the corresponding transformations
of X and Y associated to the group element η, respectively. Besides, we denote
by ξη ∈ g the infinitesimal generator of η, such that ξ
X
η := ξ
µ(x)∂µ ∈ X (X)
and ξYη := ξ
µ(x)∂µ + ξ
a(x, y)∂a ∈ X (Y ) stand for the corresponding infinitesimal
generators of the transformations ηX and ηY , respectively. Naturally, G acts on J
1Y by
ηJ1Y (γ) : TηX(x)X → TηY (y)Y for γ ∈ J
1Y , which is defined as ηJ1Y (γ) := ηY ∗ ◦ γ ◦ ηX
−1
∗
and locally reads
ηJ1Y (γ) =
(
ηµX(x), η
a
Y (x, y),
(
∂νη
a
Y (x, y) + ∂bη
a
Y (x, v)y
b
ν
)
∂µ
(
η−1X (x)
)ν)
, (6)
where ∂b := ∂/∂y
b denotes the partial derivative with respect to the coordinates ya,
while the jet prolongation ξJ
1Y
η := j
1ξYη ∈ X (J
1Y ) associated to vector field ξYη is
locally represented by
ξJ
1Y
η = ξ
µ(x)∂µ + ξ
a(x, y)∂a +
(
∂µξ
a(x, y) + ∂bξ
a(x, y)ybµ − ∂µξ
ν(x)yaν
)
∂µa , (7)
which corresponds to the vector flow associated to the infinitesimal transformation ηJ1Y
on J1Y . Here, we have introduced the notation ∂µa := ∂/∂y
a
µ [7, 16, 27].
With all this in mind, we are in the position to relate the above description of
fibre-bundle morphisms with the symmetries of a classical field theory. To start, let G
be a Lie group acting on Y by πXY -bundle automorphisms. If this group leaves the
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physical action(1) invariant, we say that G is the symmetry group associated to the
theory [16, 18]. In particular, we are interested in studying two types of symmetries,
the so-called natural and divergence symmetries. On the one hand, we say that the
infinitesimal transformation ηJ1Y corresponds to a natural symmetry of the theory, if
the following condition holds
L
ξJ
1Y
η
Θ(L) = 0 , (8)
where L denotes the Lie derivative on J1Y along the vector flow ξJ
1Y
η ∈ X (J
1Y ) of ηJ1Y
applied to the Poincare´–Cartan form Θ(L) ∈ ΛnJ1Y . On the other hand, we say that
ηJ1Y is a divergence or Noether symmetry of the theory if ξ
J1Y
η satisfies
L
ξJ
1Y
η
Θ(L) = dα , (9)
being α ∈ Λn−1J1Y a semibasic differential (n − 1)-form on J1Y , that is, for γ ∈ J1Y
and y = πYJ1Y (γ) ∈ Y ⊂ J
1Y , α is an element of the subset Λn−12 Y := {a ∈
Λn−1y Y | V yWy a = 0, ∀ V,W ∈ VyY } ⊂ Λ
n−1
γ J
1Y , where VyY stands for the vertical
tangent bundle over Y [17, 18]. Bearing in mind the symmetry definitions above and
taking into account condition (4), we have that for a solution of the Euler-Lagrange field
equations φ and an infinitesimal natural or divergence symmetry of the theory ξJ
1Y
η , the
quantity given by
J (L)(ξη) = (j
1φ)∗
(
ξJ
1Y
η yΘ
(L) − α
)
, (10)
corresponds to a Noether current and therefore to a conserved quantity of the
theory [7,16–18,22]. As we will see below, this geometric description of the Lagrangian
formulation for classical field theory will allow us to extend the first Noether’s theorem
to the multisymplectic formalism. This is fundamental in order to construct conserved
quantities within this last framework. Following [16,19,21], we will denote this extension
as the covariant momentum maps and it will play a fundamental role in our analysis of
the symmetries of a classical field theory in the subsequent sections.
2.3. Covariant multimomenta phase-space
In order to introduce a covariant Hamiltonian-like formulation for classical field theory,
we need to define the dual jet bundle πYJ1Y ⋆ : J
1Y ⋆ → Y , that is, the dual bundle
associated to the jet bundle πYJ1Y ( see [7,27] for details about dual bundles). In order
to define it, let us consider the points y ∈ Y and x = πXY (y) ∈ X , such that, the fibre
J1yY
⋆ at y ∈ Y is defined to be the vector space J1yY
⋆ := Aff
(
J1yY,Λ
n
xX
)
, that is, the
set of all affine maps z⋆ : J1yY → Λ
n
xX , where the dual pairing of J
1Y ⋆ with J1Y is
given by
〈 · , · 〉 : J1Y ⋆ ×Y J
1Y → ΛnX , (11)
with ×Y denoting the fibre-bundle product over Y , as described in [7, 15]. In
particular, the dual jet bundle J1Y ⋆ can be locally represented by the coordinates
z⋆ := (xµ, ya, p, pµa), which are defined by requiring the dual pairing between the
points z⋆ ∈ J1Y ⋆ and γ ∈ J1Y to be given by 〈z⋆, γ〉 =
(
pµay
a
µ + p
)
dnx, as discussed
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in [15, 16, 26]. Now, let us consider the vector fibre-bundle πYZ : Z → Y , where, in
analogy to the Lagrangean case, Z := Λn2Y is the space of semibasic differential n-
forms on Y , that is, the subbundle Z ⊂ ΛnY whose fibre Zy at y ∈ Y is defined by
Zy := {z ∈ ΛnyY | V yWyz = 0, ∀ V,W ∈ VyY }. From the definition, the elements
of Z can be locally written as
z := p dnx+ pµadya ∧ dn−1xµ , (12)
where we have defined dn−1xµ := ∂µy d
nx, such that, πYZ can be locally represented by
z := (xµ, ya, p, pµa), giving rise to the fibre-bundle isomorphism Φ : Z → J
1Y ⋆, which
can be defined by 〈Φ(z), γ〉 = γ∗z ∈ ΛnxX , where z ∈ Zy, γ ∈ J
1
yY and x = πXY (y) ∈ X
for any y ∈ Y , respectively.
The main idea of introducing the vector space Z ⊂ ΛnY stands for the possibility
to construct canonical forms on it, analogous to the canonical 1 and 2-forms in classical
mechanics, and then we may use the isomorphism Φ to induce those canonical forms
in the dual jet bundle J1Y ⋆. In fact, the vector space Z is endowed with a canonical
n-form Θ ∈ ΛnZ, that we will refer to as the multisymplectic potential, defined by
Θ := p dnx+ pµady
a ∧ dn−1xµ , (13)
which induces on Z the so-called multisymplectic (n + 1)-form, Ω := −dΘ ∈ Λn+1Z,
given by
Ω = dya ∧ dpµa ∧ d
n−1xµ − dp ∧ d
nx . (14)
In consequence, the pair (Z,Ω) is denominated the covariant multimomenta phase-
space [15–18], that will play a relevant part of our study in what follows.
Additionally, we may introduce the covariant Legendre transformation, FL : J1Y →
J1Y ⋆ ∼= Z, locally defined by
FL(γ) =
(
xµ, ya, L−
∂L
∂yaµ
yaµ,
∂L
∂yaµ
)
, (15)
which, in analogy to classical mechanics, relates the Lagrangian and multisymplectic
formalisms. From our point of view, the covariant Legendre transformation is relevant as
it allows us to obtain by pull-back the Poincare´–Cartan n-form, Θ(L) = FL∗Θ ∈ ΛnJ1Y ,
and the (n + 1)-form Ω(L) = FL∗Ω ∈ Λn+1J1Y , respectively. We will use this covariant
Legendre transformation in order to induce the information on the symmetries of a
system in either formalism.
2.4. Symmetries in the covariant multimomenta phase-space
In this subsection, we will discuss the symmetries of a classical field theory within
the covariant multisymplectic approach. Strictly speaking, we will study the action
of the symmetry group G of a given classical field theory on its associated covariant
multimomenta phase-space (Z,Ω). In particular, we want to classify the action of G on
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(Z,Ω) in a similar fashion to the Lagrangian case. To this end, we will introduce the
notion of a covariant canonical transformation that will allow us to construct, in the
case of infinitesimal symmetries, the covariant momentum maps on Z, which are the
analogous to the Noether currents within the covariant multisymplectic approach.
To start, let us consider the covariant phase-space (Z,Ω) associated to the covariant
configuration space (Y, πXY , X) of a classical field theory. Let η˜Z : Z → Z be a bundle
automorphism with an associated diffeomorphism η˜X on X . Thus we will say that η˜Z
is a covariant canonical transformation if it satisfies the identity
η˜∗ZΩ = Ω, (16)
where Ω is the multisymplectic (n+ 1)-form on Z defined in (14). Additionally, we say
that η˜Z is a special covariant canonical transformation if the following condition holds
η˜∗ZΘ = Θ, (17)
where Θ is the multisymplectic potential (13), as described in [16].
Next, in order to establish an analogy with symmetries in the Lagrangean case
we require to introduce infinitesimal covariant canonical transformations within the
multisymplectic approach. To start, let χY be a πXY -automorphism with an associated
diffeomorphism χX on X . The canonical lift of χY to Z, χZ : Z → Z, is defined as
χZ(z) := (χY
−1)
∗
z for z ∈ Z, which implies that canonical lifts are special covariant
canonical transformations [16]. In particular, if χY is the vector flow associated to the
vector field ξ˜Yχ ∈ X (Y ), then the vector field on Z defined by
ξ˜Zχ := ξ˜
µ(x)∂µ + ξ˜
a(x, y)∂a −
(
p ∂ν ξ˜
ν(x) + pνb∂ν ξ˜
b(x, y)
)
∂p
+
(
pνa∂ν ξ˜
µ(x)− pµb ∂aξ˜
b(x, y)− pµa∂ν ξ˜
ν(x)
)
∂aµ , (18)
corresponds to the infinitesimal generator of χZ , that is, the canonical lift of ξ˜
Y
χ to Z,
where we have introduced the short notations ∂p := ∂/∂p and ∂
a
µ := ∂/∂p
µ
a . Thus,
from the definition and by direct calculation, ξ˜Zχ satisfies the condition Lξ˜ZχΘ = 0, as
expected, since canonical lifts are special covariant canonical transformations [16, 18].
Now, let us consider the classical field theory defined by the action (1), whose symmetry
group G acts on its associated covariant configuration bundle πXY and transitively on its
jet fibre-bundle πYJ1Y , as previously described. For η ∈ G, we denote by ηX , ηY and ηZ
their corresponding transformations on X , Y and Z, respectively. In a similar manner,
given the infinitesimal generator ξη ∈ g of η, we define ξ
X
η , ξ
Y
η and ξ
Z
η to be the vector
fields associated to the transformations ηX , ηY and ηZ , correspondingly. Thus, we will
say that G acts on Z by covariant canonical transformations if the following condition
holds
LξZη Ω = 0 . (19)
Analogously, we say that G acts on Z by special covariant canonical transformations if
the following identity is satisfied
LξZη Θ = 0 . (20)
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We will further consider that, if G acts on Z by covariant canonical transformations
(19), the map from the multimomenta phase-space Z to the space of linear mappings
from the algebra g of the Lie group G to the vector space of (n − 1)-forms on Z,
J (M) : Z → L (g,Λn−1Z), defined by
dJ (M)(ξη) = ξ
Z
η yΩ , (21)
corresponds to the covariant momentum mapping associated to the action of G on the
covariant phase-space (Z,Ω), where J (M) (ξη) ∈ Λ
n−1Z is the (n− 1)-form on Z whose
value at z ∈ Z is given by
〈
J (M)(z), ξη
〉
for all ξη ∈ g, with ξ
Z
η ∈ X (Z) denoting the
vector field on Z associated to ξη. By construction, J
(M)(ξη) is the analogous to the
conserved current on Z [16–18]. As we will see below, the vanishing of those covariant
momentum mappings on the space of Cauchy data will be related to the first class
constraints, within Dirac’s terminology, of a given classical field theory as discussed
in [18, 21, 22].
2.5. Space plus time decomposition for classical field theory
In this subsection we will give a brief description of the space plus time decomposition
of the covariant geometric Lagrangian and multisymplectic formalisms for classical field
theory. To this end, we start by introducing the definition of a slicing of the base spaceX .
Consequently, we describe the space plus time decomposition of an arbitrary fibre-bundle
(K, πXK , X) over X , with K denoting the associated total space. This last will allow us
to introduce the basis of the instantaneous Lagrangian and Hamiltonian formulations
for classical field theory. Finally, we will relate the multisymplectic framework with the
instantaneous Hamiltonian program through a reduction process. This section is based
in references [16, 18, 19, 21, 22, 26, 28].
To start the space plus time decomposition of the background manifold X , let Σ be
a compact (n− 1)-dimensional smooth manifold without boundary, such that, a slicing
of X is defined as a diffeomorphism Ψ : R× Σ → X [21]. By taking into account that
Ψt := Ψ (t, ·) : Σ → X defines an embedding, we introduce X := {Ψt | t ∈ R} to be the
set of all embeddings Ψt of Σ into X and we also introduce Σt ⊂ X to represent the
image of Σ by Ψt, such that there exists t0 ∈ R satisfying Σt0 = Σ.
Now, let (t, u) be an arbitrary point of the space R × Σ. We define ∂t := ∂/∂t ∈
X (R× Σ) to be the generator of time translations. Then, the infinitesimal generator
of the slicing Ψ on X is given by ζX := Ψ∗ (∂t) ∈ X (X), which by construction is
everywhere transverse to Σt. Thus, we will consider {x
µ}n−1µ=0 as a set of local coordinates
adapted to the slicing onX , where the Cauchy surfaces Σt and the infinitesimal generator
ζX are locally given by the level sets of the coordinate x
0 and ∂0, respectively, as discused
in [26, 28].
As expected, the space plus time decomposition process will induce a similar
decomposition for any geometric object defined on the base space X , which is the
case of the fibre-bundles over it. To see this, let (K, πXK , X) be a generic finite-
dimensional fibre-bundle over X , where K stands for the total space of the fibre-bundle.
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Given a slicing Ψ of X and a fibre-bundle (KΣ, πΣKΣ,Σ) over Σ, with KΣ denoting the
associated total space, a compatible slicing of K is defined by a bundle-diffeomorphism
Φ : R×KΣ → K, such that, the following diagram commutes
R×KΣ

Φ
//K

R× Σ
Ψ
// X
where the vertical arrows denote fibre-bundle projections. As before, we denote by
Φt := Φ (t, ·) : KΣ → K the embedding of KΣ by Φ into K and we also introduce
Kt ⊂ K to denote the image of KΣ by Φt. Additionally, we define ζK to be the
infinitesimal generator of the slicing Φ of K, which is everywhere transverse to Kt. In
particular, if ζK projects into ζX by means of the map (πXK)∗ : TK → TX , we say
that, the slicing (ζK , ζX) of the fibre bundle πXK is a compatible slicing, which defines
a one-parametric group of bundle-automorphisms, that is, its associated vector flow
is a fibre-preserving map [21]. Here, we will consider (xµ, ka) as a set of local fibre-
coordinates adapted to the slicing on K, such that, the surfaces Kt are given by the
level sets of x0.
Now, let K be the set of all sections of the fibre-bundle πXK . We denote by Kt the
set of all sections of the restricted fibre-bundle πΣtKt : Kt → Σt, that is, the restriction
of the fibre-bindle πXK to the Cauchy surface Σt. Then, the collection K
Σ given by
KΣ :=
⋃
Ψt∈X
Kt, (22)
defines an infinite-dimensional fibre-bundle over the set of embeddings X. Consequently,
a section of the fibre-bundle πXK induces a section of the fibre-bundle πXKΣ : K
Σ → X,
and conversely. This decomposition of the fibre-bundle will allow us to relate the finite-
and infinite-dimensional descriptions of classical field theory [26].
Besides, as Kt defines a smooth manifold, it is possible to construct its associated
tangent, TσKt, and cotangent spaces, T
∗
σKt. The vector fields in TσKt at σ ∈ Kt may be
identified with the sections of V Kt on σ(Σt) ⊂ Kt, while the elements of the cotangent
space T ∗σKt correspond to the linear mappings from the tangent space TσKt to the
(n − 1)-forms in the Cauchy surface Σt, as described in [20, 22]. In particular, it is
possible to induce differential forms on Kt from those defined on K. To see this, let α
be an (s + n − 1)-form on K, we define its associated differential form αt on Kt as an
s-form whose dual pairing with a set of s tangent vectors Vi ∈ TσK at σ ∈ Kt explicitly
reads
αt (σ) (V1, · · ·, Vs) :=
∫
Σt
σ∗ (iV1···Vsα) , (23)
where the contraction is taking along the image of Vi ∈ TσKt [28]. These definitions will
allow us to introduce the bases of the infinite-dimensional description of classical field
theory, as we will see below.
Covariant momentum map for non-Abelian topological BF field theory 12
Let (ζX , ζY ) be a compatible slicing of the covariant configuration bundle πXY , which
we assume leaves the action principle (1) invariant, that is, ζY contains the information
associated to the symmetry group of the theory G, as discussed above. Now, given
Σt a Cauchy surface locally defined by the level sets of x
0, we introduce {xi}n−1i=1 and
it : Σt → X to be the coordinate set of Σt and the inclusion map, respectively. We
also define Yt := Y |Σt as the restriction of the covariant configuration bundle to the
Cauchy surface Σt, which gives rise to the fibre bundle πΣtYt : Yt → Σt whose local
coordinates are given by (xi, ya) and its space of all sections denoted by Yt, such that,
there exists φ ∈ Y ( a section of the fibre-bundle Y ) that induces an element ϕ ∈ Yt
(a section of Yt) by means of the inclusion map, that is, ϕ = φ ◦ it [19, 22, 26]. Thus,
the instantaneous configuration space of the generic field theory (1) at time t is defined
by Yt. As usual, we define T Yt as the instantaneous space of velocities whose local
coordinates are given by (ya, y˙a), where the instantaneous Lagrangian formalism takes
place with ϕ ∈ Yt representing the fields of the theory and the temporal evolution of
the fields variables defined by
ϕ˙ := LζY ϕ = Tϕ (ζX)− ζY (ϕ) , (24)
where LζY denotes the Lie derivative of ϕ along ζY , while ϕ∗ : T Σt → TϕYt stands
for the differential map of the section ϕ, as discussed in detail in [20, 21]. Now,
by defining (J1Y )t as the restriction of the fibre-bundle πXJ1Y : J
1Y → X to the
Cauchy surface Σt, whose local representation is given by
(
xi, ya, yaµ
)
, we introduce
the affine bundle map βζX : (J
1Y )t → J
1 (Yt) × V Yt over Yt, which is locally
defined by βζY
(
xi, ya, yaµ
)
:= (xi, ya, yai , y˙
a). Thus, the map βζY corresponds to the
jet decomposition map and induces an isomorphism between (j1Y)t and T Yt [21].
In particular, given j1φ a section of the fibre-bundle πXJ1Y , we have that, j
1φ ◦ it ∈
(j1Y)t, which together with the jet decomposition map βζY allow us to define the
instantaneous Lagrangian density, Lt,ζY : J
1 (Yt) × V Yt → Λ
n−1Σt, of the theory by
Lt,ζY (j
1ϕ, ϕ˙) := (j1φ ◦ it)
∗
(ζXyL), where j
1ϕ corresponds to a section of the fibre-
bundle J1 (Yt)→ Σt, ϕ˙ is an element of V Yt, L is the covariant Lagrangian density and
we have used the isomorphism βζY (j
1φ ◦ it) = (j
1ϕ, ϕ˙). (Note that on the definition of
the instantaneous Lagrangian density Lt,ζY above we used the fact that the Lagrangian
density L is an n-form on X , and thus we only have to consider the inner product with
the generator ζX .) Consequently, we may find in an analogous manner the instantaneous
Lagrangian, Lt,ζY : T Yt → R, explicitly given by
Lt,ζY (ϕ, ϕ˙) :=
∫
Σt
L
(
j1ϕ, ϕ˙
)
ξ0dn−1x0 , (25)
where L stands for the covariant Lagrangian function and (ϕ, ϕ˙) ∈ T Yt and d
n−1x0
denotes the (n − 1)-volume form on the Cauchy surface Σt [21, 28]. As usual, the
instantaneous Legendre transformation is defined by
FLt,ζY : T Yt → T
∗Yt
(ϕ, ϕ˙) 7→ (ϕ, π) ,
(26)
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where πa denotes the instantaneous momenta explicitly given by πa := ∂L/∂ϕ˙
a, which
in turn allows us to define the instantaneous t-primary constraint set of the theory
Pt ⊂ T
∗Yt, that is, the restriction of the cotangent bundle T
∗Yt over Yt to the image of
the instantaneous Legendre map [19, 26].
Now, we will proceed to decompose the multisymplectic phase-space and introduce
a reduction process to relate the multisymplectic and the instantaneous Hamiltonian
frameworks. To this end, let Zt := Z |Σt be the restriction of the fibre-bundle
πXZ : Z → X to the Cauchy surface Σt, that gives rise to the fibre-bundle Zt → Σt
whose set of all sections will be denoted by Zt. In particular, by means of (23), the
space Zt is endowed with the forms Θt and Ωt associated to the forms Θ and Ω on
Z, respectively, which implies that (Zt,Ωt) is a presymplectic space [19]. Thus, we
introduce the fibre-bundle map Rt : Zt → T
∗Yt over Yt defined by
〈Rt (σ) , V 〉 :=
∫
Σt
ϕ∗ (V y σ) , (27)
with ϕ = πYZ ◦ σ ∈ Yt and V ∈ TϕYt, and the contraction is taken along the images
of V and σ ∈ Zt, respectively, which in local coordinates can be written as Rt (σ) :=
(p0a ◦ σ) dy
a ⊗ dn−1x0 and whose kernel is given by kerRt := {σ ∈ Zt | p
0
a ◦ σ = 0}.
Then, we have that, the quotient map Zt/kerRt → T
∗Yt is a symplectic diffeomorphism
[19, 21, 26]. In particular, given the subset Nt := {σ ∈ Zt | σ = FL ◦ j
1φ ◦ it} and
considering σ ∈ Nt, it is possible to write
Rt (σ) =
∂L
∂ya0
(
j1ϕ, ϕ˙
)
dya ⊗ dn−1x0 , (28)
which corresponds to an element of the instantaneous primary constraint set Pt, such
that, a section σ ∈ Nt that projects onto (ϕ, π) ∈ Pt ⊂ T
∗Y by means of the map Rt is
called a holonomic lift of (ϕ, π) [19].
With all this in mind, we are in the position to study the action of the Lie group
G, the symmetry group of the theory, on Zt and T
∗Yt. Since G acts on Z by covariant
canonical transformations, the covariant momentum map J (M) : Z → L (g,Λn−1Z)
associated to the action of G induces, by means of (23), the so-called energy-momentum
map Et : Zt → g
∗ that explicitly is given by
〈Et (σ) , ξ〉 :=
∫
Σt
σ∗J (M)(ξ) , (29)
for each ξ ∈ g. Now, we define Gt := {η ∈ G | ηX (Σt) = Σt} to be the subset of
G that acts on Σt by diffeomorphisms. Thus, Gt is a canonical action on Zt which
allows us to identify, for each η ∈ Gt, the maps ηt := ηX |Σt as elements of the group
of diffeomorphisms on Σt, Diff (Σt). The infinitesimal generators of Diff (Σt) will be
denoted by ξXηt , which in adapted coordinates satisfy the condition ξ
0(x) = 0 on Σt, that
is, the corresponding vector field ξXηt on X associated to ξηt is tangent to the Cauchy
surface Σt. In consequence, the energy-momentum map Et restricted to the subspace
Covariant momentum map for non-Abelian topological BF field theory 14
Gt ⊂ G gives rise to the map Jt := Et |gt : Zt → g
∗
t , which corresponds to a momentum
map for the action of Gt on Zt, as discussed in detail in [21, 22, 26]. In particular, since
(T ∗Yt, ωt) is the symplectic quotient of the presymplectic space (Zt,Ωt) by the kernel of
the map Rt, we have that, the momentum map Jt : T
∗Yt → g
∗
t associated to the action
of Gt on T
∗Yt is given by
〈Jt (ϕ, π) , ξ〉 := 〈Jt (σ) , ξ〉 , (30)
where ξ ∈ gt, (ϕ, π) ∈ T
∗Yt and σ is an element of R
−1
t {ϕ, π} ⊂ Zt. In this way,
definition (30) only reflects the restriction of the energy-momentum map (29) to the
subspace Gt ⊂ G.
Besides, since the canonical prolongation of ζY to J
1Y leaves the action (1)
invariant, the corresponding canonical lift of ζY to Z, ζZ ∈ X (Z), acts on Z by covariant
canonical transformations. Then, ζZ has an associated covariant momentum map, which
projects onto a well defined function on the t-primary constraint set Pt ∈ T
∗Yt, which
coincides with the instantaneous Hamiltonian of the theory, Ht,ζY : Pt → R, and can be
explicitly defined by
Ht,ζZ(ϕ, π) := −
∫
Σt
σ∗J (M)(ζZ) , (31)
being σ the holonomic lift associated to (ϕ, π) ∈ Pt, that is, σ ∈ Nt [21, 22, 26].
Furthermore, by extending the second Noether theorem to the multisymplectic
approach [16,21,22], we may see that the projected momentum map 〈Jt (ϕ, π) , ξ〉 on T
∗Yt
corresponds to the generator of the infinitesimal gauge transformations of the theory. In
particular, the first class constraints of the theory, within Dirac’s terminology [23], are
encoded on the zero level set of the projected momentum map 〈Jt (ϕ, π) , ξ〉, that is, the
subspace on T ∗Yt defined by J
−1
t (0) := {(ϕ, π) ∈ T
∗Yt | 〈Jt (ϕ, π) , ξ〉 = 0} corresponds
to the surface on the instantaneous phase-space, T ∗Yt, characterized by the first class
constraints of the system, which arise in the instantaneous Dirac-Hamiltonian analysis
of the theory [23].
3. Non-Abelian topological BF theory
We start this section by giving a brief description of the non-Abelian topological BF
theory on a 4-dimensional space-time manifold. Then, we proceed to describe the
features of this topological field theory within the Lagrangian and the multisymplectic
geometric approaches for classical field theory, focusing our attention on the study of
the symmetries of the model. In particular, these symmetries will play a fundamental
role in order to relate the multisymplectic and the instantaneous Dirac-Hamiltonian
formulations of the BF theory, which will be discussed in detail at the end of the section.
We will start by introducing the model of our interest, which is a 4-dimensional
non-Abelian BF theory. BF theories are a class of topological diffeomorphism invariant
field theories. As it is well known, they are non-metric field theories and have no
local degrees of freedom (see for instance [1, 2, 7, 13, 14]). BF theories have a strong
relationship with Einstein’s theory of General Relativity since it is possible to write the
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latter as a constrained BF theory giving rise to the so-called BF gravity models (see [6],
and references therein, for details), which are based on the Plebanski formulation of
General Relativity developed in [4]. Thus, BF theories are very interesting from the
physical point of view and have been widely explored from different prespectives and
approaches at classical and quantum level, as we can found in the literature (see for
instance [1, 2, 6, 8, 9, 12]). In particular, we are interested in analysing a non-Abelian
BF theory within the previously described multisymplectic formalism for classical field
theory. We will closely follow the description of the model developed in [1]
Now, we proceed to describe the 4-dimensional non-Abelian BF theory. In order to
do that, let X be a 4-dimensional space-time manifold without boundary endowed with
Minkowski signature diag(−1,+1,+1,+1) and locally represented by {xµ}3µ=0. Let us
consider G a compact simple Lie group that will be the gauge symmetry group of the
theory. The non-Abelian BF theory is defined by the action principle
SBF [A
a, Ba] :=
∫
X
Ba ∧ Fa , (32)
where F a := dAa+ 1
2
[A ∧A]a denotes the curvature 2-form associated to the connection
1-form valuated on the Lie algebra g, Aa ∈ Λ1X , while Ba ∈ Λ2X corresponds to a set
of g-valued 2-forms, d stands for the exterior derivative on X and [· ∧ ·] : ΛqX×ΛpX →
Λq+pX is the graded commutator for g-valued differential forms which, given the g-
valued forms α ∈ ΛqX and β ∈ ΛpX , explicitly reads as [α∧β] := α∧β− (1)pqβ ∧α [1].
As previously mentioned, a BF theory is a diffeomorphism invariant field theory,
but this type of symmetry is not the unique symmetry of the model. In fact, BF theory
is also invariant with respect to the gauge transformations generated by the action of the
gauge symmetry group G and the transformations associated to the so-called topological
symmetry. However, these symmetries are not all independent, since it is possible to
build the infinitesimal diffeomorphism transformations on the field variables by means of
the gauge and topological symmetries of the theory, which are associated with the first
class constraints that arises within the Dirac-Hamiltonian formulation of the model, as
discussed in [11, 13, 14]. With this in mind, we will focus our attention to the analysis
of the gauge and the topological symmetries of the non-Abelian BF theory. On the one
hand, the infinitesimal transformations associated to the gauge symmetry group of the
BF model read
Aa → Aaθ := A
a + dAθ
a ,
Ba → Baθ := B
a + [B ∧ θ]a ,
(33)
where dA : Λ
qX → Λq+1X denotes the covariant exterior derivative explicitly defined
as dA := d + [A ∧ ·] and θ
a ∈ Λ0X is a set of g-valued functions on X . It is possible
to see that, under these infinitesimal transformations, Aa transforms as a connection,
while Ba transforms as a covariant 2-tensor, bringing the local expressions
Aθ
a
µ = A
a
µ +Dµθ
a ,
Bθ
a
µν = B
a
µν + f
a
bcB
b
µνθ
c ,
(34)
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where Dµθ
a := ∂µθ
a+fabcA
a
µθ
c denotes the covariant derivative associated to the 1-form
Aa. On the other hand, the infinitesimal transformations associated to the topological
symmetry of the BF theory are given by
Aa → Aaχ := A
a ,
Ba → Baχ := B
a + dAχ
a ,
(35)
where χa ∈ Λ1X denotes a set of g-valued 1-forms on X . With respect to the topological
symmetry, we see that Aa remains unchanged while Ba transforms as a connection [1,13].
Then, the topological infinitesimal transformations locally read
Aχ
a
µ
= 0 ,
Bχ
a
µν
= Baµν + 2D[µχ
a
ν] ,
(36)
where χaµ denotes the components of the g-valued 1-forms χ
a and D[µχ
a
ν] :=
1
2
(
Dµχ
a
ν −Dνχ
a
µ
)
stands for the anti-symmetrization in Greek indices. Bearing this
in mind, in the next subsection we will analyze the non-Abelian topological BF theory
(32) within the geometric Lagrangian approach putting special attention on the study
of the symmetries of the model.
3.1. Geometric Lagrangian analysis
Now, we will proceed to develop the geometric Lagrangian analysis of the non-Abelian
topological BF theory focusing our attention on the study of the symmetries of the
system. In particular, we want to construct the Noether currents associated to the BF
theory which, as we will see in the following subsections, will be strongly related to the
covariant momentum maps of the model at the multisymplectic level.
As it is well known, the topological BF theory on a 4-dimensional space-time
background manifold, X , corresponds to a classical field theory whose dynamical fields
can be understood as sections of the vector fibre-bundle πXY : Y :=
1
∧T ∗X ⊕
2
∧T ∗X →
X , whose local representation, at the point y ∈ Y , is given by y := (xµ, aaµ, b
a
µν) [7]. Thus,
the first jet manifold associated to the covariant configuration space of the theory, J1Y ,
is locally represented by γ :=
(
xµ, aaµ, b
a
µν , a
a
µν , b
a
µνσ
)
at the point γ ∈ J1Y . Then, given
Y, the space of all smooth sections of the fibre-bundle πXY , a section φ ∈ Y at the
point x ∈ X locally reads as φ∗y = (xµ, Aaµ, B
a
µν), such that, the section j
1φ, the jet
prolongation associated to φ, of the fibre-bundle πXJ1Y : J
1Y → X at x ∈ X can be
locally represented as
j1φ∗γ = (xµ, Aaµ, B
a
µν , ∂µA
a
ν , ∂µB
a
νσ) , (37)
where Greek indices label space-time coordinates while Latin indices take values on the
Lie algebra g of the gauge symmetry group G of the theory, respectively. In particular,
since the fields Baµν correspond to the components of a set of g-valued 2-forms onX , they
are completely antisymmetric in the Greek indices, that is, the condition Baµν = B
a
[µν]
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holds, implying that the number of linear independent field variables of the theory is
N × (4 + 6), where N denotes the number of the generators of the Lie algebra g, while
the 4 and the 6 stand for the linear independent components of the connection Aa and
the 2-forms Ba, respectively. Thus, in what follows, we will restrict our analysis to the
linearly independent field variables of the model which will play an important role, as we
will see below, in the space plus time decomposition of the multisymplectic formulation
of the BF theory.
Now, we introduce the Lagrangian density of the system, LBF : J
1Y → Λ4X , that
from the action principle (32) can be locally defined as
LBF (γ) :=
1
4
ǫµνσρbaµνFaσρ d
4x , (38)
where F aµν = a
a
µν −a
a
νµ+ f
a
bca
b
µa
c
ν stands for the components of the curvature 2-form F
a
and fabc corresponds to the structure constants of the Lie algebra g, while ǫ
µνσρ denotes
the Levi-Civita alternating symbol. Thus, from the definition (2), the Poincare´-Cartan
4-form of the BF theory, Θ
(L)
BF ∈ Λ
4J1Y , explicitly reads as
Θ
(L)
BF :=
1
2
ǫµνσρ baσρ
(
daaν ∧ d
3xµ +
1
2
fabca
b
µa
c
ν d
4x
)
. (39)
As stated in the previous section, this will be the main geometric object to describe the
symmetries of the BF theory.
As previously mentioned, we are interested in analysing the symmetries of the BF
theory within the geometric Lagrangian approach. To this end, we start by introducing
the infinitesimal generators of the gauge (34) and the topological (36) transformations
of the BF theory, which are elements of the vector space X (Y ) and are locally defined
by
ξYθ := Dµθ
a ∂
∂aaµ
+
1
2!
fabcb
b
µνθ
c ∂
∂baµν
, (40a)
ξYχ := D[µχ
a
ν]
∂
∂baµν
, (40b)
where we are taking Dµθ
a = ∂µθ
a + fabca
b
µθ
a and we have introduced the factor 1/2!
in order to consider the antisymmetry properties of the variables baµν and we have also
restricted our analysis to only consider the linearly independent variables of the theory‡.
We know that the action of the symmetry group of a classical field theory on the
associated covariant configuration space induces transformations on the jet fibre-bundle
[18, 21], which implies that the canonical lifts (7) associated to the vector fields (40)
correspond to the generators of the infinitesimal gauge and topological transformations
‡ In particular, by taking into account the antisymmetry of the variables baνσ = b
a
[νσ] and b
a
µνσ = b
a
µ[νσ],
we will follow the conventions
∂baνσ
∂bbβγ
= δab δ
βγ
νσ and
∂baµνσ
∂bbαβγ
= δab δ
α
µδ
βγ
νσ , where δ
βγ
νσ denotes the generalized
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on the jet bundle πYJ1Y associated to the BF theory. Those lifts are thus elements of
the vector space X (J1Y ) and can be explicitly written as
ξJ
1Y
θ :=Dµθ
a ∂
∂aaµ
+
1
2!
fabcb
b
µνθ
c ∂
∂baµν
+
(
Dν (∂µθ
a)+fabca
b
µνθ
c
) ∂
∂aaµν
+
1
2!
fabc
(
bbνσ∂µθ
c+bbµνσθ
c
) ∂
∂baµνσ
,
ξJ
1Y
χ := D[µχ
a
ν]
∂
∂baµν
+
(
D[ν
(
∂µχ
a
|σ]
)
+ fabca
b
µ[νχ
c
σ]
) ∂
∂baµνσ
, (41)
where as before the factor 1/2! has been introduced to consider the antisymmetry of the
variables baµν and b
a
µνσ = b
a
µ[νσ], thus restricting our analysis to the linearly independent
variables of the theory.
On the one hand, a direct calculation shows that the gauge symmetry (33)
corresponds to a natural symmetry (8) of the BF theory, since the vector field ξJ
1Y
θ ∈
X (J1Y ) satisfies the condition
L
ξJ
1Y
θ
Θ
(L)
BF = 0 , (42)
where L denotes the Lie derivative defined on J1Y , therefore implying that the
Lagrangian density (38) is equivariant with respect to the infinitesimal transformations
associated to the action of the gauge symmetry group of the theory, while, on the other
hand, the topological symmetry (35) corresponds to a Noether symmetry (9) of the BF
theory, since the vector field ξJ
1Y
χ ∈ X (J
1Y ) satisfies the relation
L
ξJ
1Y
χ
Θ
(L)
BF = dα , (43)
where α ∈ Λ3 (J1Y ) is a 3-form on J1Y explicitly defined by
α :=
1
2
ǫµνσρχaν
(
daaρ ∧ d
2xµσ + f
a
bca
b
σa
c
ρ d
3xµ
)
. (44)
Here we have introduced the short notation d2xµσ := ∂σy∂µyd
4x.
Before proceeding to construct the Noether currents associated to the BF theory, we
will obtain the field equations of the this topological field theory following the procedure
discussed in subsection (2.2). To this end, let W ∈ X (J1Y ) be an arbitrary projectable
vector field on J1Y locally defined at γ ∈ J1Y by
W := W (x)µ
∂
∂xµ
+W (y)aν
∂
∂aaν
+
1
2!
W (y)aνσ
∂
∂baνσ
+W (γ)aµν
∂
∂aaµν
+
1
2!
W (γ)aµνσ
∂
∂baµνσ
, (45)
where we have considered x = πXJ1Y (γ) ∈ X and y = πYJ1Y (γ) ∈ Y as elements of their
respective parts of J1Y . Then, given W and considering φ ∈ Y as a critical point of the
action principle (1), the condition (j1φ)
∗
(
WyΩ
(L)
BF
)
= 0 holds, giving rise to relation
0 =
1
2
ǫµνσρ
[
−W α (x)
(
1
2
∂αBaµνF
a
σρ+∂αA
a
µDνBaσρ
)
+
1
2
Waµν (x,A,B)F
a
σρ +W
a
µ (x,A,B)DνBaσρ
]
, (46)
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which by taking into account that W is an arbitrary vector field on J1Y , and by linear
independence of the components of W , it is possible to obtain the equations
F aµν = 0 ,
ǫµνσρDνB
a
σρ = 0 , (47)
relations that correspond to the field equations associated to the BF theory [11].
We finish this subsection by computing the associated Noether currents of the BF
theory. To do that, let φ ∈ Y be a solution of the Euler-Lagrange field equations (47).
Then, the 3-forms on X defined by
J
(L)
BF (θ) :=
(
j1φ
)∗ (
ξJ
1Y
θ yΘ
(L)
BF
)
=
1
2
ǫµνσρDνθ
aBaσρd
3xµ , (48a)
J
(L)
BF (χ) :=
(
j1φ
)∗ (
ξJ
1Y
χ yΘ
(L)
BF − α
)
= −
1
2
ǫµνσρχaνF
a
σρd
3xµ , (48b)
correspond to the conserved Noether currents obtained for this topological field theory
by means of the Noether’s theorem [13]. It is possible to see that, on the space
of solutions to the field equations (47), the Noether current associated to the gauge
symmetry group of the theory (48a) integrated over a Cauchy surface vanishes by
requiring that gauge arbitrary functions on space-time to be of compact support on the
boundary of the Cauchy surface, while the Noether current associated to the topological
symmetry (48b) is trivially zero on each point of the space-time manifold [11]. As we
will see below, the classification of the symmetries of the theory in natural (42) and
Noether (43) symmetries will play an important role in the multisymplectic formulation
of the BF theory. We will discuss this in detail in the following subsections.
3.2. Multisymplectic analysis
In the present subsection we will develop the multisymplectic analysis of the BF
theory, focusing our attention on the study of the symmetries of the theory within
this covariant and geometric approach. In order to do so, we start by constructing
the multisymplectic phase-space of the theory and the relevant geometric objects to
describe the features of topological BF field theory. To this end, following the brief
description of the multisymplectic formulation for classical field theory presented in
subsections 2.3 and 2.4, we define the multimomenta phase-space of the BF theory
as the subbundle over Y defined by πXZ : Z ⊂ Λ
4Y → Y , whose local coordinates
are given by (xµ, aaν , b
a
νσ, p, p
µν
a , p
µνσ
a ), where the multimomenta p
µνσ
a associated to the
variables baνσ are subject to the condition p
µνσ
a = p
µ[νσ]
a , implying that, the number of
linearly independent multimomenta variables of the theory is 4× (N × (4 + 6)), where
the extra 4 is due to the fact that we are considering the gradient in each of the space-
time directions in the definition of the multimomenta. Thus, the canonical 4-form on
Z, ΘBF ∈ Λ
4Z, defined by
ΘBF := p
µν
a da
a
ν ∧ d
3xµ +
1
2!
pµνσa db
a
νσ ∧ d
3xµ + p d
4x , (49)
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corresponds to the multisymplectic potential, such that the negative of its exterior
derivative induces on Z the multisymplectic form of the BF theory, ΩBF = −dΘBF ∈
Λ5Z, which is explicitly given by
ΩBF := da
a
ν ∧ dp
µν
a ∧ d
3xµ +
1
2!
dbaνσ ∧ dp
µνσ
a ∧ d
3xµ − dp ∧ d
4x , (50)
where once again the factor 1/2! has been introduced in the above equations in order to
consider the antisymmetry properties of the variables baνσ and p
µνσ
a , thus restricting our
analysis to the linearly independent variables of the theory§. Then, the pair (Z,ΩBF)
corresponds to the multisymplectic phase-space of the BF theory.
Now, we will study the symmetries of the BF theory within the multisymplectic
approach. To this end, we will apply the theory of Lie groups acting on the
multisymplectic phase-space as described in subsection (2.4). We will start by
considering that, since the gauge symmetry (33) corresponds to a natural symmetry
of the theory (8), then the lift of the vector field (40a) from TY to TZ will generate
special covariant canonical transformations on Z, that is, it will satisfy the condition
(20) for the BF theory. However, the case of the topological symmetry (35) is different,
since this last corresponds to a divergence symmetry (9) of the theory. Thus, we will
expect that, in order to be consistent with the geometric Lagrangian analysis of the non-
Abelian BF model, the topological symmetry acts on Z producing covariant canonical
transformations (19). Indeed, this is the case as relation (18) brings the vector field
ξZθ ∈ X (Z) associated to the action of the gauge symmetry group of the BF theory on
Z, namely,
ξZθ := Dµθ
a ∂
∂aaµ
+
1
2!
fabcb
b
µνθ
c ∂
∂baµν
−
(
Dν(∂µθ
a)pµνa +
1
2!
fabcb
b
νσ∂µθ
cpµνσa
)
∂
∂p
− fab
cθb
(
pµνc
∂
∂pµνa
+
1
2!
pµνσc
∂
∂pµνσa
)
. (51)
By a straightforward calculation, it is possible to see that the vector field (51) satisfies
the identity
LξZ
θ
ΘBF = 0 , (52)
which implies that the gauge symmetry group of the theory generates special covariant
canonical transformations on Z, as expected. In a similar fashion, we also have that the
vector field ξZχ ∈ X (Z) on Z locally defined by
ξZχ :=
(
D[νχ
a
σ]
∂
∂baνσ
−Dν (∂µχ
a
σ) p
µ[νσ]
a
∂
∂p
− fab
cχbσp
µ[νσ]
c
∂
∂pµνa
)
+ ǫµνσρ
(
Dσχaρ
∂
∂pµνa
+
1
2
fabc∂σχ
a
ρa
b
µa
c
ν
∂
∂p
)
, (53)
represents the vector field associated to the action of the topological symmetry of the
BF theory on Z, which by means of the differential map (πY Z)∗ : TZ → TY projects
§ Similarly, by taking into account the antisymmetry of the multimomenta variables pµνσa = p
µ[νσ]
a , we
will follow the convention
∂pµνσa
∂p
αβγ
b
= δbaδ
µ
αδ
νσ
βγ .
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onto the generator of the topological symmetry on Y , ξYχ = (πY Z)∗
(
ξZχ
)
∈ X (Y ), and
thus satisfies the condition
LξZχΘBF = dα , (54)
where α corresponds to the 3-form on Z given in (44). Note that the first line in (53)
represents the canonical lift of (40) from TY to TZ obtained by means of relation
(18), while the second line corresponds to the part of the vector field ξZχ that brings
the differential of α into play in equation (54). In consequence, the vector field (53)
corresponds to the α-lift of ξYχ meaning that the vector field associated to (40b) satisfies
condition (54) for the 3-form α given in (44). This particular type of lifts of vector fields
from TY to TZ are described and discussed in detail in [18].
Finally, we are in the position to compute the covariant momentum maps associated
to the gauge and topological symmetries of the BF theory. To this end, we start by
taking into account the definition (21) which, together with the relations (52) and (54),
allows us to write the differential 3-forms on Z given by
J (M)(ξθ) := ξ
Z
θ yΘBF
= Dνθ
apµνa d
3xµ +
1
2!
fabcb
b
νσθ
cpµνσa d
3xµ ,
J (M)(ξχ) := ξ
Z
χ yΘBF − α
= D[νχ
a
σ]p
µνσ
a d
3xµ −
1
2
ǫµνσρχaν
(
daaρ ∧ d
2xµσ + f
a
bca
b
σa
c
ρd
3xµ
)
, (55)
which correspond to the covariant momentum maps of the BF theory. Thus, we have
that by pulling-back the covariant momentum maps (55) with the covariant Legendre
transformation (15), it is possible to recover the Noether currents (48) obtained in
the geometric Lagrangian analysis of the BF theory. In particular, these covariant
momentum maps will play an important role in order to establish a relation between
the multisymplectic and the instantaneous Dirac-Hamiltonian formulations for the
topological BF field theory. We will discuss this in the following subsection.
3.3. Space plus time decomposition for non-Abelian BF theory
In this subsection we will perform the space plus time decomposition for the non-Abelian
topological BF theory. Our main aim is to recover the instantaneous Dirac-Hamiltonian
analysis of the theory as developed, for example, in [14], having as a starting point
the multisymplectic formulation. To this end, we will follow the procedure described in
subsection (2.5) above. To start, let Σt be a 3-dimensional Cauchy surface characterized
by the level sets of the temporal coordinate x0. Then, we introduce ζX := ∂0 ∈ X (X)
to be the generator of the slicing on the space-time manifold X . This in turn induces a
generator of the slicing on the covariant configuration space of the BF theory, Y , defined
through the relation
ζY := ζX + ξ
Y
θ + ξ
Y
χ , (56)
which will be identified as the temporal direction of the covariant topological BF theory.
Here ζX must be thought of as a vector field on Y , while ξ
Y
θ ∈ X (Y ) and ξ
Y
χ ∈ X (Y )
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correspond to the generators of the gauge and topological symmetries of the model,
respectively. By construction, the vector field ζY ∈ X (Y ) leaves the action principle (32)
invariant since its associated canonical prolongation from TY to T (J1Y ) corresponds
to a Noether symmetry of the theory (9). Further, according to (24), the time evolution
of the field variables is given by
A˙aµ := LζYA
a
µ = ∂0A
a
µ −Dµθ
a ,
B˙aµν := LζYB
a
µν = ∂0B
a
µν − f
a
bcB
b
µνθ
c − 2D[µχ
a
ν] , (57)
which corresponds to the time evolution of the field variables obtained by means of the
extended Hamiltonian of the BF theory as discussed in [14].
Now we are in the position to introduce the space plus time decomposition of the
BF theory at the Lagrangian level. To this end, given the compatible slicing (ζX ζY )
of the covariant configuration space πXY , we introduce Yt to denote the restriction of
the manifold Y to the Cauchy surface Σt. Then, the restricted jet bundle J
1Yt over Yt
decomposes as βζY := J
1Yt → J
1(Yt)× V (Yt), which can be locally written as
βζY (x
i, aaν , b
a
νσ, a
a
µν , b
a
µνσ) = (x
i, aaν , b
a
νσ, a
a
iν , b
a
iνσ, a˙
a
ν , b˙
a
νσ) . (58)
Hereinafter, we will use Latin letters i, j and k to denote spatial indices.
Thus, the instantaneous Lagrangian density of the theory, Lt,ζY : J
1(Yt)×V (Yt)→
Λ3Σt, is defined by Lt,ζY := (j
1φ ◦ it)
∗
(ζXyLBF(γ)), with j
1φ◦iτ denoting the restriction
of the jet prolongation of the section φ ∈ Y to the Cauchy surface Σt. In our case, the
instantaneous Lagrangian of the non-Abelian BF theory, using the relations (57) and
the definition (25), can be explicitly written as
Lt,ζY (A
a, Ba) =
1
2
∫
Σt
ǫijk
(
Ba0iFajk +
(
A˙ai +Diξ
a −DiA
a
0
)
Bajk
)
d3x0 , (59)
where we have introduced the 3-dimensional Levi-Civita alternating symbol ǫijk :=
ǫ0ijk. In particular, the instantaneous momenta associated to the fields Aa and
Ba, respectively, which corresponds to the image of the instantaneous Legendre
transformation read as
πνa :=
∂LBF
∂A˙aν
(A,B, A˙, B˙) =
1
2
δνi ǫ
ijkBajk ,
P νσa :=
∂LBF
∂B˙aνσ
(A,B, A˙, B˙) = 0 . (60)
Here LBF denotes the Lagrangian function associated to the system and corresponds to
the integrand in (59). These instantaneous momenta give rise to the primary constraint
surface of the BF theory, that is, the surface Pt ⊂ T
∗Yt defined by
Pt := {(A
a, Ba, πa, Pa) ∈ T
∗Yt | π
0
a = 0 , π
i
a −
1
2
ǫijkBajk = 0 , P
0i
a = 0 , P
ij
a = 0} , (61)
where the instantaneous momenta P νσa associated to the field variables B
a
νσ satisfy the
condition P νσa = P
[νσ]
a . Besides, the instantaneous momenta (60) are not invertible in
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terms of the temporal derivatives of the fields, implying that the non-Abelian topological
BF theory is described by a singular Lagrangian system according to [23].
Once we have introduced the space plus time decomposition at the Lagrangian
level, we will proceed to perform this decomposition for the multimomenta phase-space
of the BF theory. In particular, we are interested on studying the projected momentum
maps associated to the generator of the gauge and topological symmetries of the theory
and the canonical lift of ζY to Z, which will coincide, as we will see below, with the
generator of infinitesimal gauge transformations and the extended Hamiltonian of the
BF theory obtained by means of the Dirac’s algorithm in [14], respectively. To this end,
we start by introducing the generator of the slicing on Z, that is, the lift of ζY (56) from
TY to TZ, which explicitly reads
ζZ := ζX + ξ
Z
θ + ξ
Z
χ , (62)
where we are considering ζX as a vector field on Z, while the vector fields ξ
Z
θ and ξ
Z
χ
correspond to the generators of the covariant canonical transformations associated to
the action of the gauge and topological symmetries of the BF theory locally expressed
in (51) and (53), respectively. In particular, we introduce ζ¯Z := ξ
Z
θ + ξ
Z
χ ∈ X (Z) to
denote the part of the vector field ζZ that does not project, by means of the differential
map (πXZ)∗ : TZ → TX , to a vector field on the manifold X transverse to Σt. The
vector field ζ¯Z will play an important role in what follows.
By definition (62), we have that ζZ satisfies the condition LζZΘBF = dα, being α the
3-form defined in (44) and here considered as a differential form on Z, thus implying that
ζZ generates covariant canonical transformations on Z. Analogously, the vector field ζ¯Z
also generates covariant canonical transformation on Z since this last just corresponds
to a superposition of the vector fields ξZθ and ξ
Z
χ . Thus, ζZ and ζ¯Z have an associated
covariant momentum map which projects by means of (30) to functions on Pt ⊂ T
∗Yt
and T ∗Yt, respectively.
As in subsection 2.5, let Zt be the restriction of the fibre-bundle πXZ : Z → X to
the Cauchy surface Σt, whose set of all smooth sections will be denoted by Zt. Thus,
given σ ∈ Zt, the projected momentum map on the cotanget space T
∗Yt associated to
the vector field ζ¯Z may be defined, following (30), as
〈
Jt (A
a, Ba, πa, Pa) , ζ¯Z
〉
:=
∫
Σt
σ∗
(
ζ¯Z yΘBF − α
)
, (63)
which after identifying πνa = p
0ν
a ◦ σ and P
νσ
a = p
0νσ
a ◦ σ can be explicitly written as
〈
Jt (A
a, Ba, πa, Pa) , ζ¯Z
〉
=
∫
Σt
d3x0
{
D0θ
aπ0a − θ
a
(
Diπ
i
a +
1
2!
fab
cBbijP
ij
c
)
+
(
2D[0χ
a
i] + f
a
bcB
b
0iθ
c
)
P 0ia − χ
a
i
(
1
2
ǫijkFajk −DjP
ij
a
)}
,
where we have performed some integration by parts and avoid terms on the boundary
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of the Cauchy surface. Then, by introducing the parameters
ǫa0 := D0θ
a ,
ǫai := 2D[0χ
a
i] + f
a
bcB
b
0iθ
c ,
λa := − θa ,
λai := − χ
a
i , (64)
the projected momentum map associated to ζ¯Z can be expressed in the following fashion
〈
Jt (A
a, Ba, πa, Pa) , ζ¯Z
〉
=
∫
Σt
d3x0
{
ǫa0π
0
a + ǫ
a
iP
0i
a + λ
a
(
Diπ
i
a +
1
2!
fab
cBbijP
ij
c
)
+λai
(
1
2
ǫijkFajk −DjP
ij
a
)}
,
which corresponds precisely to the generator of the infinitesimal gauge transformations
in Dirac’s terminology of the non-Abelian topological BF theory obtained by means
of the Dirac’s algorithm in [14]. Further, as described above in subsection 2.5,
the vanishing of the projected momentum map (63) is related to the first class
constrains, within Dirac’s terminology [23], of the BF theory in the instantaneous
Dirac-Hamiltonian approach. To see this, we start by computing the zero level
set of the projected momentum map (63), that is, the surface on T ∗Yt defined by
JBF
−1
t (0) := {(A
a, Ba, πa, Pa) ⊂ T
∗Yt |
〈
Jt (A
a, Ba, πa, Pa) , ζ¯Z
〉
= 0}, which can be
explicitly written, since the parameters ǫa0, ǫ
a
i , λ
a and λai are arbitrary functions on Σt,
as
JBF
−1
t (0) =
{
(Aa, Ba, πa, Pa) ⊂ T
∗Yt | π
0
a = 0 , P
0i
a = 0 , Diπ
i
a +
1
2!
fab
cBbijP
ij
c = 0 ,
1
2
ǫijkFajk −DjP
ij
a = 0
}
, (65)
giving rise to the constrained surface on the instantaneous phase-space T ∗Yt defined by
the first class constraints of the BF theory as obtained in [14].
Besides, since ζZ projects into the vector field transverse to Σt, ζX , by means of the
differential map (πXZ)∗, the covariant momentum map associated to the vector field ζZ
projects into a well defined function on the image of the Legendre transformation, that
is, on the primary constraint set Pt ⊂ T
∗Yt [21, 26]. This function will be related, by
means of (31), with the instantaneous extended Hamiltonian function of the BF theory.
To see this, let σ be the canonical lift associated to (Aa, Ba, πa, Pa) ∈ Pt, that is, σ ∈ Nt.
Then, we introduce the following function on Pt
Ht,ζZ (A
a, Ba, πa, Pa) := −
∫
Σt
σ∗ (ζZ yΘBF − α) , (66)
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which after some straightforward calculations may be explicitly written as
Ht,ζZ (A
a, Ba, πa, Pa) =
∫
Στ
d3x0
{
−Aa0Diπ
i
a −
1
2
ǫijkBa0iF
a
jk +
1
2!
∂0B
a
ijP
ij
a
+ A˙a0π
0
a+B˙
a
0iP
0i
a +ξ
a
(
Diπ
i
a +
1
2!
fab
cBbijP
ij
c
)
+χai
(
1
2
ǫijkFajk −DjP
ij
a
)}
. (67)
In particular, by using the field equations for the BF theory (47), it is possible to obtain
the following relations
∂0B
a
ij = 2D[iB
a
0|j] − f
a
bcA
b
0B
c
ij , (68)
that allow us to explicitly write the instantaneous Hamiltonian function Ht,ζZ on Pt in
correspondence to the extended Hamiltonian of the non-Abelian topological BF theory
obtained by means of the Dirac’s algorithm for constrained systems as described in [14].
In order to establish this correspondence we note that the factor 2D[iB
a
0|j] − f
a
bcA
b
0B
c
ij
introduced in (68) may be identified with the fixed Lagrange multiplier that enforces the
primary constraint P ija ≈ 0 into the extended Hamiltonian of the theory. This Lagrange
multiplier is fixed, within Dirac’s formalism, by imposing the so-called consistence
conditions on the primary constraint set of the BF theory, described above as (61).
In particular, by taking into account that the surface on T ∗Yt given by (65)
corresponds to the surface defined by the first class constraints of the BF theory,
we have that the primary constraints (61) of the system, which does not appear in
the set (65) must be second class constraints within Dirac’s terminology, that is, the
functions πia −
1
2
ǫijkBajk = 0 and P
ij
a = 0 on T
∗Yt correspond to the second class
constraints of the non-Abelian topological BF theory. Also, the first class constraints
(65) are not all independent since the field strength F aµν satisfies the Bianchi identity
ǫµνσρDνF
a
σρ = 0, which reduces the number of linearly independent first class constraints
1
2
ǫijkFajk −DjP
ij
a = 0 to 2N . Bearing this in mind, it is possible to see that, according
to [23], the number of local degrees of freedom per point in the instantaneous phas-space
of the BF theory corresponds to N × (2 · 10− 2 · 7− 6) = 0, which implies that, the
non-Abelian BF theory defined by (32) corresponds to a topological field theory [13,14].
To summarize, by performing the space plus time decomposition of the
multisymplectic formulation of the topological BF model we have successfully recovered
not only the first and second class constraints, but also the generator of the infinitesimal
gauge transformations together with the instantaneous extended Hamiltonian of
the theory. Our results are completely consistent with those obtained within the
instantaneous Dirac-Hamiltonian analysis of the model.
4. Conclusions
In this paper we have analyzed the 4-dimensional non-Abelian topological BF field
theory within the geometric and covariant Lagrangian and multisymplectic formalisms
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for classical field theory. We have focused our study to the analysis of the gauge
and the topological symmetries of the model BF model. On the one hand, at the
Lagrangian level we found that the gauge symmetry corresponds to a natural symmetry
of the system while the topological symmetry represents a Noether symmetry for this
topological field theory. Following the geometric Lagrangian approach, we obtained
the field equations and the Noether currents associated to the non-Abelian BF theory,
obtaining results that are consistent with those reported in [13]. In particular, we
found that the Noether current associated to the gauge symmetry group of the theory
integrated over a Cauchy surface vanishes by requiring that gauge arbitrary functions
on space-time to be of compact support on the boundary of the Cauchy surface, while,
in an analogous manner, the Noether current associated to the topological symmetry is
trivially zero on each point of the space-time manifold. Indeed, this is consistent with
the behavior for a generic field theory with gauge symmetries [7, 24, 25]. On the other
hand, within the multisymplectic approach, we found that the gauge symmetry group
of the BF theory acts on the associated multimomenta phase-space by special covariant
canonical transformations, while the topological symmetry of the model acts on the
multimomenta phase-space by covariant canonical transformations. We also describe
the existence of covariant momentum maps associated to the actions of the gauge and
the topological symmetries of the non-Abelian BF theory. This covariant momentum
maps for the BF theory allowed us to recover, for any solution of the BF field equations,
the Noether currents associated to this topological field theory.
In addition, we performed the space plus time decomposition for the non-Abelian
topological BF field theory at the Lagrangian and the multisymplectic levels. To
this end, working in adapted coordinates, we foliated the space-time manifold into
Cauchy surfaces and introduced the generators of the associated slicings on both, the
space-time manifold and the covariant configuration space of the theory, respectively.
Once the temporal direction has been fixed by this slicing and after appropriately
decomposing the jet bundle of the theory, we computed the instantaneous Lagrangian
of the non-Abelian BF theory on the space of Cauchy data, which allowed us to obtain,
by means of the instantaneous Legendre transformation, the instantaneous momenta
variables of the model, which gave rise to the primary constraint set of the BF theory.
Besides, within the multisymplectic approach, we also constructed the generator of
the slicing on the multimomenta phase-space of the theory. In particular, we showed
at the multiisymplectic level that the superposition of the covariant momentum maps
associated to the gauge and topological symmetries of the BF theory projects into the
instantaneous phase-space generator of infinitesimal gauge transformations of the system
and, and we also realized that the zero level set of the above projected momentum
map coincides with the surface on the instantaneous phase-space defined by the first
class constraints of the non-Abelian topological BF field theory, which arise within
the Dirac-Hamiltoniana analysis of the model as described in [10, 14]. Furthermore, we
found that since the generator of the slicing on the multimomenta phase-space generates
covariant canonical transformations, its associated covariant momentum map projects
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to the extended Hamiltonian of this topological field theory also obtained by means of
the Dirac’s algorithm in the instantaneous canonical analysis [14].
With all these results, we have showed that the multisymplectic approach allows to
describe in a covariant, consistent and elegant way the features of the 4-dimensional non-
Abelian topological BF field theory. In particular, we have found that it is possible to
recover the instantaneous Dirac-Hamiltonian formulation of the theory by performing
the space plus time decomposition fo the multisymplectic phase-space as developed
in [16, 18, 19, 21, 22, 26]. To our knowledge, this is the first non-trivial physical model
associated to General Relativity for which both natural and Noether symmetries have
been analyzed at the multisymplectic level. The vast majority of the examples explored
so far only considered natural symmetries avoiding the construction of the so-called α-
lifts associated to Noether symmetries. Those α-lifts, as we showed for this example and
as discussed extensively in [18], play an important role in order to construct the correct
covariant momentum maps associated to Noether symmetries. From the physical point
of view, the understanding of the effect of these α-lifts is completely relevant to recover
the correct generators of gauge transformations for a given field theory. Our intention
is to explore in detail, for some physical gauge models associated to General Relativity,
the applicability of the covariant formalism here described and, in particular, the way to
recover the generators of the gauge transformations in comparison to the instantaneous
Dirac-Hamiltonian approach. This will be done elsewhere.
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